We present an explicit molecular-level model of Carnot cycle based on the recently developed framework of energetics of Langevin dynamics. In the quasi-static limit, the average efficiency of energy conversion over the cycles can attain arbitrarily close value to the one predicted by thermodynamics.
I. INTRODUCTION
Carnot's heat engine is an idealized thoughtful architecture that can give rise to mechanical work in the course of transferring the energy from a heat bath to the other one with a lower temperature through a cycle of process. The first and the second laws of thermodynamics imply that the cycle performed by this engine (called Carnot cycle) attains the maximum efficiency of energy conversion under the quasi-static and reversible condition.
Recently, one of the present authors, has formalized the concept of heat in the world of stochastic processes described by Langevin equations [1] , and has shown that the first and the second laws of thermodynamics can be derived from this definition [1] [2] [3] . In this paper the authors are motivated to design the Carnot's heat engine in terms of Langevin equation and investigate the process of energy conversion in the above mentioned formalism. Figure 1 illustrates the notion of our model. We employ as the working material a single harmonic oscillator. The spring constant k(> 0) is a control parameter, playing the role of the volume of the gas of the macroscopic Carnot engine. The contact with the two heat baths with the temperatures T H and T L , respectively, is made through the interaction potentials, shown as gears and a rail in the figure, where each gear is connected to a vane immersed in the respective heat bath. We assume that the interaction potentials are tunable through the control parameters χ α (≥ 0) with α =H or L, such that for χ α = 1 the corresponding gear is tightly coupled with the rail while for χ α = 0 the interaction is completely suppressed, that is, decoupled. We shall call these interaction potentials as clutches.
The operation of the cycle is performed through the deterministic change of the parameters k, χ H and χ L according to the protocol shown in Fig. 2 . In the figure, the paths along the central vertical axis χ H = χ L = 0 are the adiabatic processes, while the other vertical paths with either χ H = 0 or χ L = 0 correspond to the isothermal processes. All the horizontal paths are intermediate processes to operate the clutches between an adiabatic process and an isothermal process.
The peculiarity of the analysis on the molecular level is that we explicitly consider the intermediate processes between the isothermal process (χ L = 1 − χ H = 1 or χ H = 1 − χ L = 1) and the adiabatic process (χ L = χ H = 0), i.e. the process of operating the clutch. We also take into account the statistical distribution of the energy of the working material undergoing the adiabatic process. In usual macroscopic thermodynamics, such distribution and processes are both negligible because they do not bear the extensivity properties. For small fluctuating systems like ours, however, the work for regulating the process is as important as the work to be taken out of the cycle, just like in the Maxwell's demon problem [4] , physics of computation [5] , thermal ratchet [6] or motor proteins [7] . corresponds to the volume of the gas in the cylinder.) And, just as the (minus) pressure is the conjugate variable of the volume of the gas, we can introduce the ensemble average of the 'force' f conjugate to the 'displacement' k (see Sec III and Sec IV). Fig. 3 shows the relationship of this average force and the displacement, which is analogous to the 'P -V diagram' of the macroscopic case. In our case, however, the temperature of the working material is not well-defined during each realization of adiabatic process. We, therefore, do not know a priori the values of k at which we should switch from the isothermal process to the adiabatic process or vice versa. This point will be discussed in Sec. V.
The construction of the paper is mostly evident from the section headings; We introduce the model and equation of motion in the next section Sec. II, and describe the isothermal processes in Sec. III, and the adiabatic processes in Sec. IV, respectively. Then we carefully analyze the operation of the clutches (Sec. V), and finally sum up all the processes to close the cycle (Sec. VI). Remarks and future prospects are given in the final section, Sec. VII.
The Appendix A supplements the contents of Sec. II and Sec. V.
II. MODEL OF MOLECULAR CARNOT'S HEAT ENGINE
We assume the following set of equation of motion for {x, p, y H , y L };
where x and p are, respectively the displacement and the momentum of the harmonic oscillator, and m and k are, respectively, the mass and the spring constant of the oscillator.
is the angle of rotation of the vanes immersed in the heat bath of the temperature T α with T H > T L . We allow y α to vary between −∞ and ∞ modulo 2π. γ α is the friction constant for the vane in the bath of the temperature T α . The white and Gaussian random forces ξ H (t) and ξ L (t) are assumed to obey the Einstein's fluctuation-dissipation
where the angular bracket · denotes the average over the realization of the random force(s).
(Hereafter we take the unit such that the Boltzmann constant is the unity.)
with α =H or L are the interaction potentials of the clutch. We assume φ α to be 2π-periodic with respect to the x − y α . (We have chosen the dimension and the unit of x so that its change may directly correspond to that of the angle of the vanes.) χ α (> 0) (α =H or L) are the control parameters such that for χ α = 0 the interaction is completely absent φ α (x − y α , 0) = 0, and that for χ α = 1 the interaction potentials φ α have the discrete minima which are mutually equivalent and are deep enough that the value of x − y α is trapped around one of its minima over the lifetime of universe. More precisely, we assume that
around a minima at x − y α = a with K/γ α ≫ k/m. The latter assumption is rather technical one to simplify the calculation, and we discuss more about it in the Appendix A.
In (1c) and (1d) we have employed the over-damped form of the Langevin equations without inertia terms, assuming that the moments of inertia of the vanes are small enough and/or that the both friction constants γ H and γ L are sufficiently large. On the other hand we kept the mass of the oscillator m finite, which is indispensable to consider the dynamics in the adiabatic processes. We will change k, ξ H and ξ L according to the protocol given in Fig. 2 .
III. ISOTHERMAL PROCESSES

We consider the processes B H →C
, in which we change the control parameter k = k(t) taking a large but finite time.
According to [1] , the heat ∆Q α (α =H or L) absorbed from the heat bath of the temperature T α under a particular realization of ξ α (t) during a time interval, t 1 ≤ t ≤ t 2 is given by the following Stieltjes integral
Hereafter the Stratonovich's interpretation [8] of the stochastic calculus should be adopted [1] . The energy balance equation is derived from (1) and (3) as
where the work ∆W α (1 → 2) done by the working material through the change of k(t) is given by
In (3)- (5), the quantities x, p, y α are the solution of (1) under a given ξ α (t) and the initial condition (see below). For example, the isothermal process of increasing k (i.e., the process B H → C H ) is the analogue of the isothermal compression process of gas in the macroscopic Carnot cycle, and, therefore, the work done by the working material ∆W α (B H → C H ) is typically negative. Peculiarity of the present microscopic case is that ∆Q α (1 → 2) and ∆W α (1 → 2) as well as the change of the internal energy, [
from one realization of ξ α (t) to the other, and the fluctuation of these quantities around their respective average may not be small and even their signs may be sometimes reversed. We should note that, in the limit of slow change of the control parameter k(t) as compared with both the intrinsic relaxation time of the momentum ( m/γ) and that of the displacement (γ/k), the effect of initial condition is negligible in the statistical sense. The values of
of an isothermal process are, therefore, statistically independent of those quantities of both its preceding and following processes of operating the clutch.
The previous work [2] shows that the average work ∆W α (1 → 2) in the above mentioned limit is equal to the change of the Helmholtz free energy defined via the equilibrium statistical mechanics. For example, in the case of χ L = 0 (isothermal process at the temperature T H ), the Helmholtz free energy F H is defined as
where the ensemble average of the isothermal work under quasi-static process, ∆W H (1 → 2) , is given as follows,
In (6) the factor 2π in front of the integral came from 2π 0 dy L , and, to show the second equality of (7) we have adopted the expression of φ H with χ H = 1 introduced previously in (2) , and have extended the bounds of the integral over y H knowing that K is very large. The complementarity principle [2] shows that, for a large but finite time interval (t 2 −t 1 ) < ∞, the error of the above estimation for ∆W H (1 → 2) is O((t 2 − t 1 ) −1 ) and is definitely negative, that is, the change of the free energy is in general the overestimation of the work done by the working material, i.e. the oscillator, in accordance with the second law of thermodynamics.
The same argument holds in the case of χ H = 0 and, thus we can evaluate the average work done by the working material through the isothermal processes up to the error of the order of the the inverse time lapse;
We note that, during the quasi-static change of k, the instantaneous force f α with α =H or L conjugate to k is evaluated either from (4) or (5), and the result is
The minus sign on the right hand side is due to our definition of the 'displacement' k, whose increase [decrease] correspond to the compression [dilatation] of the gas in the macroscopic Carnot cycle. Using the equi-partition theorem, the ensemble average of f α is
IV. ADIABATIC PROCESSES
In the adiabatic processes A 0 → B 0 and C 0 → D 0 , the working material obeys its own
Hamiltonian mechanics with φ H = φ L = 0 in (1b), with the Hamiltonian H 0 given by
It has been shown from the standard classical mechanics [9] that, under the quasi-static change of the parameter k, the change of k and that of the short-time average of the energy, E(k(t)) ≡H 0 over instantaneous period of motion is related via
which implies that the quantity
remains constant throughout the quasi-static adiabatic processes. (We will avoid the usage of the term 'adiabatic invariant' for J, since the word 'adiabatic' should better be reserved for any processes under the isolation from the heat baths.) In the present model the value of J for a particular adiabatic process is fixed at the starting point of the process, where k is prescribed and the energy E(k) is fixed (see also Sec. VI).
We first notice from (13) and (14) that E(k) ∝ J √ k and that the (short-time averaged)
force f ad conjugate to k is given by
From (15) the work done by the oscillator through the quasi-static adiabatic process, ∆W ad (1 → 2) through the change of the parameter, k(t 1 ) → k(t 2 ), is given by
In order to evaluate the ensemble average of the work ∆W ad (1 → 2) over realizations, i.e. over infinitely many cycles, we need to know the distribution of E(k(t 1 )). This problem will be discussed in the next section., Here we mention only the formal properties resulting form (14).
If we denote the distribution function of E at the starting point of a quasi-static adiabatic process by P (E)dE, then it is transformed in accordance with (14) upon the change
If, especially, P (E) is the canonical distribution P 0 (E, T ) at a temperature T , or,
then the transformed distribution due to the quasi-static adiabatic process becomes again the canonical distribution at the shifted temperature
T , that is [10] ,
This property will be used later.
V. OPERATION OF THE 'CLUTCHES'
We are going to evaluate the work done by the system (i.e. the oscillator and the clutches) through the change of χ α (α =H or L). While we change, say, χ H the other clutch is completely disconnected, i.e. χ L = 0, and k is also kept constant. From the general formalism [1] the formal expression of such work, ∆W c , is given by the Stieltjes integral; (ii) The range ǫ 0 ≤ χ α ≤ 1 − ǫ 1 with ǫ 1 (> 0) being another constant defines the values of χ α for which our operation can be made slow enough that the average of the work over the realization of ξ α (t) can be evaluated in terms of the difference of the Helmholtz free energy (see Sec. III); For the process of χ H = χ H1 → χ H2 we have
and the similar expression holds for the case of α =L. Here we have followed the sign convention of the work in which the positive work implies the net work done by the clutch upon some external agent. We call this regime the quasi-equilibrium regime.
(iii) The range 1 − ǫ 1 < χ α ≤ 1 includes the values of χ α for which the interaction between the working material and the heat bath is so strong that the value of x − y α is trapped into one of the minima of φ α within the lifetime of the universe, and that the process can never be regarded as quasi-equilibrium one. We call this regime the tight regime.
We now evaluate the work during the loose regime and the tight regime and show that they can be arbitrary small by suitably choosing the protocol of χ α (t). As we will describe below the case of α =H, the case of α =L can be treated similarly.
First, we choose the function φ H (z, ǫ 0 ) such that it is smooth and barely different from Fig. 4 ). Then, in the loose regime, the work due to the change χ H = ǫ 0 → 0 or the reverse is at most of the order of Φ 0 , even if the process is far from equilibrium. At the same time, the free energy F (T H , k, ǫ 0 , 0) can be well approximated by F (T H , k, 0, 0) (see (6) ), that is
Secondly, we choose the function φ H (z, 1 − ǫ 1 ) so that it has a very high plateau ≃ Φ 1 ≫ T H (see Fig. 4 ) and that the replacement of φ H (z, 1 − ǫ 1 ) by its quadratic approximant (2) (with α =H) gives a good approximation of the free energy F (T H , k, 1 − ǫ 1 , 0). Since the error due to the phase integral from the high-plateau region of z is ∼ e −Φ 1 /T H (≪ 1), we have the evaluation;
where ν is the number of minima of φ H (z, 1 − ǫ 1 ) in the domain 0 ≤ z < 2π. (In Fig. 4 we have drawn ν = 3 case.)
Just as in the case of Φ 0 , how the value of Φ 1 can be made large depends on how much time we can spend in the quasi-equilibrium regime. The larger the Φ 1 is, the longer time it takes for the argument z to jump from one minimum of φ α to the other. As far as we can assume Φ 1 satisfying Φ 1 ≫ T H , the work done in the tight regime can be made small:
We assume that as the potential changes from φ H (z, 1 − ǫ 1 ) to φ H (z, 1) the regions near the minima do not changes but only the height of the plateau region increases from Φ 1 to Φ ∞ (see Fig. 4 ). Here Φ ∞ is chosen such that it takes beyond the lifetime of the universe to overcome the plateau barrier of the height Φ ∞ . The work due to the change χ H = (1 − ǫ 1 ) → 1 or the reverse is then ∼ (Φ ∞ − Φ 1 ) e −Φ 1 /T H , where the factor e −Φ 1 /T H comes from the probability of finding z = x − y H on the plateau region. Even for the large Φ ∞ (≫ T H ) the above work can be made small enough by the factor e −Φ 1 /T H with Φ 1 ≫ T H .
We thus have shown that both in the loose regime and in the tight regime, the work due to the operation of the clutch can be made arbitrary small by extending the time of the operation, and as a result the average work in the quasi-equilibrium regime given (21) can be evaluated using the expressions (22) and (23) or its counterpart for α =L.
When we change χ α from ǫ to zero in the loose regime, we take only a finite time. As far as Φ 0 is small enough we can safely expect that the energy of the working material, H 0 (see (12) and, therefore, its short-time average, E, obeys the canonical distribution, P 0 (E, T α ) defined in (18). This is certainly true at the edge of the quasi-equilibrium regime, i.e., at χ α = ǫ 0 , and the further decrease of the interaction φ α will have negligibly small effect on the energy distribution.
The fact that E obeys the canonical distribution is crucial for the choice of the set of
From the discussion about the transformation of the canonical energy distribution P 0 (E, T ) upon the adiabatic processes, we can uniquely determine the values of k B and k D so that the transfered distribution is characterized by the same temperature as that of the heat bath with which the working material is to make contact. Considering the property (19), we require the following relationship:
From (11), (14), (15), (18), (24) and (25), we can now identify the functional form of the curves in Fig. 3 : The isothermal curves are
, respectively.
VI. EFFICIENCY OF ENERGY CONVERSION UPON QUASI-STATIC CYCLES
We now take together the processes analyzed in the previous sections and add up all the work done by the working material as well as by the clutch. We also count the total heat absorbed from the high temperature heat bath. Since the work and the heat transfer during each process shown in the Fig. 2 occurs statistically independent, the average efficiency over many cycles can be obtained from the averages taken at each process.
First we show that the work done by the clutch cancels, with an arbitrary good approximation in the limit of slow change of χ H and χ L : In fact neglecting O(Φ 0 ) and O(e −Φ 1 /T H ) terms, (22) and (23) leads to
The isothermal part of the work has been shown in (8) and (9) to yield
Since both the potential energy of the working material and the interaction energy of the clutch are quadratic during the isothermal processes (see (2) and (23), the equi-partition theorem applies and the internal energy of the combined system does not change. Thus, ∆W H (B H → C H ) is nothing but the average of the heat transfered from the high temperature bath;
About the adiabatic part of the work (16), we need to take the average of E at the starting point of the adiabatic processes. As we have shown in the last part of the previous section, this quantity distributes according to the canonical distribution at the temperature of the heat bath from which the interaction has been turned off. Then, we can put E(k A ) = T L for A 0 → B 0 process, and E(k C ) = T H for C 0 → D 0 process and, therefore,
With the use of the relations (24) and (25), the average work given by (31) and (32) vanishes:
that is, the work due to the adiabatic part cancels after averaging over many cycles. From the relations (24) and (25) we have
, and the sum of the work represented by (28) and (29) becomes
Combining this result with (30), we have the efficiency of the energy conversion over many quasi-static cycles, η, as
This is equal to the maximum efficiency of macroscopic Carnot cycle.
VII. CONCLUDING REMARKS AND FUTURE PROBLEMS
We have constructed a molecular level model of Carnot cycle, and have shown that there exists a protocol of the control parameters in which the model attains the overall efficiency of the energy conversion arbitrarily close to the maximum efficiency of the reversible macroscopic Carnot cycle. Each cycle, however, is subject to the large fluctuation of both the energy of the working material and the energy exchanged through the interaction with the heat baths as well as the external agent that controls the system. In the course of the analysis we have not introduced the notion of the temperature and/or entropy of the working material; As for the adiabatic processes, we used the adiabatic invariant related to the phase volume enclosed by the phase orbit but not the Boltzmann entropy defined via the phase volume occupied by the orbit itself. We also stress that in the analysis we cannot avoid the far from equilibrium circumstances both upon making contact with a heat bath and upon detaching from it.
Several future problems may be mentioned. First how general the present result is should be clarified. Though the present analysis made use of several specific properties of the model, the result that we could recovered the known Carnot's efficiency suggests more fundamental approach to exist behind the case studies. Recent study on the Butticker's model [12] also suggests it.
Another problem is about the control. In the present model, we allowed the presence of external agent to control the protocol (k, χ H and χ L ). The agent is not 'demon-like'
since it works according to its own protocol, irrespective of the microscopic state of the working material or the vanes fluctuating in the heat baths. Instead, the external agent was assumed to be outside the microscopic world and not to undergo spontaneous fluctuation. In reality any interaction acting through some kind of physical field is not free from the thermal fluctuation of the field itself. This criticism applies to most of the thoughtful microscopic models [13, 5, 12] . It is, therefore, important to analyze the bridge between the macroscopic world and the microscopic one. Besides we should also explore the systems such as motor proteins [7] that works efficiently without external agents.
ACKNOWLEDGMENTS
We thank K. Sato and T. Chawan-ya for fruitful comments. In the course of the present work the authors noticed that they consider the similar problem independently.
APPENDIX A:
When x − y H is trapped around the value a by the potential φ H (x − y H , 1) = 
The two terms on the right hand side satisfies the fluctuation-dissipation relation and we can regard the right hand side as −γ Hẋ (t) + ξ H (t) to a good approximation under the condition, 
